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-<^ . Abstract 



In this paper, we prove the entirety of loop group Eisenstein series induced from cusp forms 
on the underlying finite dimensional group, by demonstrating their absolute convergence on 
the full complex plane. This is quite in contrast to the finite-dimensional setting, where such 
series only converge absolutely in a right half plane (and have poles elsewhere coming from 
L-functions in their constant terms). Our result is the Q-analog of a theorem of A. Braverman 
and D. Kazhdan from the function field setting |4, Theorem 5.2], who previously showed the 



J3 I analogous Eisenstein series are finite sums. 



1 Introduction 

The theory of Eisenstein series on finite dimensional Lie groups has had profound applications in 

0\ . number theory, geometry, and mathematical physics. To name one important example, Langlands' 

• ! monograph Euler Products [24J gave meromorphic continuations to the new L-functions he discov- 

Q I ered in their constant terms. This work not only led him to formulate his functoriality conjectures, 

cn ■ but also initiated the Langlands-Shahidi method of constructing and analyzing L-functions. The 

method frequently obtains the most powerful results on analytic continuations of L-functions we 

presently know, but does not treat all L-functions; instead, it only applies when an underlying rep- 

^ ! resentation occurs in the adjoint action of the Levi component of a parabolic on its nilradical. Some 

j^ I of the most fascinating and important applications to number theory and the Langlands program 

come from maximal parabolic subgroups of exceptional groups. Unfortunately, these are finite in 

number and all L-functions under the purview of the Langlands-Shahidi method have already been 

treated. 

It has been an intriguing possibility to expand the landscape of possible parabolic subgroups by 
considering infinite-dimensional Kac-Moody groups such as loop groups. This setting features a 
vastly wider range of Levi adjoint actions (some of which we have identified and which will be the 
subject of a future paper), and thus the possibility of new L-functions. This paper is a continuation 
of a series of papers [I8J-I14I by the first-named author on the loop Eisenstein series. 

Loop Eisenstein series induced from quasi-characters on a minimal parabolic subgroup were 
shown to converge in a region analogous to the shifted Weyl chamber established by Godement 
[fTSl §3] in the finite-dimensional setting. By developing an analog of the Maass-Selberg relations. 
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they were then meromorphically continued to a larger region in |fT0l - [T3l . In contrast to the finite 
dimensional case, however, these minimal parabolic loop Eisenstein series cannot be meromorphi- 
cally continued everywhere, and it was observed in [|8J that there is a natural boundary or "wall" 
beyond which the series cannot be continued. 

Because the Levi components of parabolic subgroups of loop groups are finite dimensional, 
there are also cuspidal loop Eisenstein series induced from cusp forms on these classical Levi 
components. In IITil . their convergence in the Godement-type region was deduced by a domination 
argument from the convergence of the minimal-parabolic loop Eisenstein series. Moreover, their 
extension up to the location of the aforementioned "wall" was also shown using the Maass-Selberg 
relations IfTOVfrBll . Somewhat surprisingly, as was observed in [fT4l . the Maass-Selberg relations 
here consist of just a single holomorphic term, and consequently these cuspidal Eisenstein series 
have no poles in this region. 

In this paper we show a much stronger result holds in the case of cuspidal loop Eisenstein 
series, at least those induced from the maximal parabolic whose Levi component comes from the 
underlying finite-dimensional root system. The following result analytically continues these series 
beyond the "wall": 

Theorem. Let ^ be a spherical cusp form for a Chevalley group G over Q. Then the cuspidally- 
induced Eisenstein series E(j,^v (E22) on the loop group ofG converges absolutely for any v G C 
to an entire function of v. 

For example, this theorem applies to Eisenstein series on the loop group Eg induced from cusp 
forms on Eg. By spherical we mean a cusp form which is ^-fixed at all places of Q. This 
restriction is undoubtedly not essential to our proof, but is made because of an obstacle com- 
ing from the local theory of loop groups: the usual definition of ^-finite Eisenstein series (e.g., 
[|3T1 (6.3.1)]) relies on a matrix coefficient construction whose generalization to loop groups has 
not been developed. Thus the loop Eisenstein series induced from A'-finite cusp forms have not 
even been defined, and so it is premature to study their convergence. The ^-finite condition at 
nonarchimedean places amounts to a congruence group condition, and hence a smaller group of 
summation in the Eisenstein series definition. Since our arguments involve dominating by larger, 
convergent sums, relaxing the ^-fixed condition is therefore likely to make the convergence only 
easier. 

The K-fixed condition at the archimedean place also arises in a paper by Krotz and Opdam 
[|23l on Bernstein's theorem that cusp forms decay exponentially. Though those methods apply to 
A'-finite cusp forms as well (e.g., in unpublished notes by those authors), there is no proof in the 
literature. These decay results imply our important ingredient Theorem 14.61 For completeness, 
and in order to allow our convergence argument to apply to ^-finite Eisenstein series once their 
definition has been given, we have included a proof of Theorem 14. 61 for arbitrary ^-finite forms in 
the Appendix. Together, this provides the full analytic machinery anticipated to be necessary to 
handle the convergence of the presently-undefined J^-finite Eisenstein series. The appendix also 
discusses some related questions about decay estimates posed by string theorists. 

A function-field analog of this result was announced by A. Braverman and D. Kazhdan in 
dH Theorem 5.2(3)]. Their proof relies on a geometric interpretation of the Eisenstein series un- 
available over number fields. In fact, at each fixed element in the appropriate symmetric space, 
their cuspidal Eisenstein series is a finite sum (independent of the spectral parameter). This finite- 
ness crucially uses the classical theorem of G. Harder that cusp forms vanish outside of a compact 
subset of the fundamental domain. This vanishing outside of a compact set is far from true in the 



number field case, where such forms instead merely decay rapidly in the cusps. While rapid (e.g., 
polynomial) decay statements are well-known, it was somewhat striking to us that the classical 
decay results were insufficient for our purposes (see Remark 14.6.11 for further details). Instead 
we require the exponential decay result Theorem lA.ll (or its equivalent statement Theorem 14.61) 
mentioned above to obtain convergence in the number field setting. 

Another key ingredient in our work is Theorem I3.3l and its Corollary 13. 4[ a growth estimate 
on the diagonal Iwasawa components in the classical and central directions as one varies over a 
discrete group. In the function field setting, this estimate - coupled with Harder's compact support 
theorem - is enough to deduce the Braverman-Kazhdan result. In the number field setting, the 
analysis is more involved and the entirety result we prove here is instead shown by establishing a 
reduction to the half-plane convergence result [|T4l recalled in Theorem 14.23 1 

Acknowledgements: We would like to thank Alexander Braverman for informing us of his 
results with David Kazhdan and of Bernstein's exponential decay estimates. We would also like 
to thank William Casselman, Michael B. Green, Bemhard Krotz, and Wilfried Schmid for their 
helpful comments about rapid decay. 

2 Notation 

In this section we shall recall some background material which is used later in the paper. Part 2A 
concerns the finite-dimensional situation, part 2B discusses affine loop groups, part 2C focuses on 
the Weyl group, and part 2D summarizes some useful decompositions. Finally, part 2E redescribes 
some of this material from the adelic point of view. A general reference for most of this material 
is Kac's book El. 

A. Finite Dimensional Lie Algebras and Groups 

2.1. Let C be an irreducible, classical, Cartan matrix of size £ x £. Let q be the corresponding 
real, split, simple, finite-dimensional Lie algebra of rank (.. Choose a Cartan subalgebra fi C g and 
denote the set of roots with respect to [) by A. Let 11= {ai,...,a^} c [)* denote a fixed choice of 
positive simple roots, and 11^ = {/?i, . . . ,/?^} C f) the corresponding set of simple coroots. We let 
A-)_ and A_ be the sets of positive and negative roots, respectively. For a root a G A we denote by h^ 
the corresponding coroot. Let (•, •) denote the Killing form on f) normalized so that {ccq, (Xq) = 2, 
where OCq is the highest root of q, and write (■, ■) for the natural pairing between [)* and [). 

Let W be the corresponding Weyl group of the root system defined above and Q and Q^ the 
root and coroot lattices, which are spanned over Z by IT and 11^, respectively. We define A D 2 
and A^ D Q^ to be the weight and coweight lattices, respectively. The fundamental weights will 
be denoted by co,- for / = 1 , . . . , i; recall that these are defined by the conditions that 

{(0,,hj) = I ^' |. = j for l<ij<i. (2.1) 

We also define the fundamental coweights CO^ Gl) for j = 1 ,...,£ by the conditions that 

(«,-,«/) = I ^^ ^. = j for 1 < ij < £. (2.2) 



Note that we have 



As usual we set 



' i = J 



>^Ai) = { ^"'o"'^ ' ./. for 1 < ^ J < ^- (2.3) 



p = 1 £ a = £ G)^. , (2.4) 

aeA+ j=i 

which satisfies the condition 

(p,/z/) = 1 for 1 < ?• < £. (2.5) 

We record here the following elementary statement which will be useful later. It is equivalent to 
the positivity of the inverse of the Cartan matrix. 

Lemma (|!30l, p. Ill, Lemma 6]). Each fundamental weight ft) G {ft)i, . .. , ft)/} can be written as a 
strictly positive linear combination of positive simple roots «!,...,«/. 

2.2. Let G be a finite dimensional, simple, real Chevalley group with Lie algebra q. Let 5 C G be a 
Borel subgroup with unipotent radical U and split torus T. Let A C T be the connected component 
of the identity of T , and assume (as we may) that B is arranged so that Lie(A) = ^ and that Lie(t/) 
is spanned by the root vectors for A_|_. Then G has a maximal compact subgroup K such that the 
Iwasawa decomposition 

G = UAK (2.6) 

holds with uniqueness of expression. We denote the natural projection onto the A-factor by the 
map g I— )■ Iwa(^). Any linear functional A :[)—)■ C gives rise to a quasi-character a h-> a of A by 
the formula 

a^ := exp((A,lna)). (2.7) 

2.3. Let r C G denote the stabilizer of the fixed Chevalley lattice defining G. We then use the 
following notion of Siegel set as defined in ^. Let U^ C U denote a fundamental domain for the 
action ofTnU onU. For any t > we set 

At := {a G A I a"' > t for each 1 < i < £} . (2.8) 

A Siegel set has the form &t = U^AfK. The following is shown in f2\. 

Proposition. Suppose that t < -\/3/2. Then for every g E G there exists 7 G F such that jg G Gt, 
i.e., the T-translates of&t cover G. 

2.3.1. Remark One of the key points in the proof of this proposition is the following minimum 
principle (which will be important for us later). Let V be the highest weight representation of G 
corresponding to the dominant integral weight p : Pi — > C from (12.41 ). This representation comes 
equipped with a ^-invariant norm 1 1 ■ 1 1 . Let Vp G V^ denote a highest weight vector. Then for any 
^ G G, it is not hard to see that the function 

^„ : F ^ R>o , 
8 >"' (2.9) 

r ^ WrgvpW 

achieves a minimum value (see ^). Furthermore, if 7 G F minimizes ^^(7), then jg G &t. 



B. Affine Lie Algebras 

2.4. Let C denote the (^+1) x (^+1) affine Cartan matrix corresponding to C, and g the one- 
dimensional central extension of the loop algebra corresponding to the finite dimensional Lie al- 
gebra g associated to C. The extension 

q' = 0©MD (2.10) 

of g by the degree derivation D is the (untwisted) affine Kac-Moody algebra associated to C (see 
[Kac, Chapter 6, 7]). 

Let f) C be a Cartan subalgebra and define the extended Cartan subalgebra 

^' := ■^©MD. (2.11) 

Let (t)*^)* denote the (real) algebraic dual of [)^ and continue to denote the natural pairing as 

(-,■) : {i)yxi)' -^ R. (2.12) 

The set of simple affine roots will be denoted by 

n = {ai,...,a^+i} C m*- (2.13) 

Similarly, we write 

fi^ = {hu...,he+i} C 5 C ? (2.14) 

for the set of simple affine coroots. Note that the simple roots a, : f)*^ — ;■ M satisfy the relations 

(a,-,D) = for / = 1,...,£ 
, (2.15) 

and (af-|-i,D) = 1. 

A more explicit description of the at will be given in section [231 

We define the affine root lattice as Q = Zai -\ h Zfiif+i and the affine coroot lattice as Q^ = 

Z/?i H h Z/?^_|_i . We shall denote the subset of non-negative integral linear combinations of the 

Uj (respectively, /?,) as Q^ (respectively, 2+)- The integral weight lattice is defined as 

A := {Xei}* \{X, hi) eZ for i= I,. ..,£+!}. (2.16) 

We regard A as a subset of (f)^)* by declaring that 

(A,D) = for A G A. (2.17) 

The lattice A is spanned by the fundamental affine weights Ai , . . . , Af+i , which are defined by the 
conditions that 

{A,,hj) = 1^^ ! = -J. for 1 </,7<£+l. (2.18) 

Note that the dual space (f)^)* is spannedby ai,a2,-"' :(^e+iT^£+i- 
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For any a E Q define 

q" := {xEQ\[h,x\ = {a,h)x, foraWhe'i)}. (2.19) 

The set of nonzero a E Q such that dim g" > will be called the roots of g and denoted by A. The 
sets A+ := An Q+ and A_ := Afl {—Q+) will be called the sets of positive and negative affine 
roots, respectively. We have that A = A_i_ U A_, i.e., every element in A can be written as a linear 
combination of elements from U with all positive integral or all negative integral coefficients. 
For each i e {l,2,...,£+l} we define the reflection w, : ( t)^) * ^^ ( f)^) * by the formula 

wf.X^X- {X,hi)ai for X G {i}')* . (2.20) 

The Weyl group W C Aut((f)'^)*) is the group generated by the elements wi, . . . ,Wf_|_i. The dual 
action of W on [)^ is defined by the formula 

{X,wh) = {w-^X,h) foraU X G (i)')* , h G i)' , andw G W. (2.21) 

The roots decompose as 

A = AvK U A/, (2.22) 

where Aw (known as the "real roots" or "Weyl roots") is the tV-orbit of n, and A/ (known as the 
"imaginary roots") is its complement in A. These sets will be described explicitly in (|2.291 )- (|2.301 ) 
below. Each imaginary root is fixed by W. The space g" is 1 -dimensional for a G Aw and is 
^-dimensional for a E Aj. Coroots of elements a E A\y can be defined by the formula 

K := w-i/i, Gi (2.23) 

where w is an element of W such that wa = aj (this is shown to be well-defined in [|22l §5.1]). 

2.5. We shall now give a more concrete description of the affine roots and coroots in terms of the 
underlying finite dimensional Lie algebra g. It is known that g is a one-dimensional central exten- 
sion of the loop algebra of the finite dimensional Lie algebra g. We denote this one-dimensional 
center by Re, where c G P). The Cartan subalgebra in the extended affine algebra g^ can then be 
written as 

i)' = Mc©()©MD, (2.24) 

in which we have assumed (as we may) that f) coincides with the fixed Cartan subalgebra of g 
chosen in section 12. 1[ The finite dimensional roots a G A can then be extended to elements of 
(t)*^)* by stipulating that 

(a,c) = (a,D) = for each a G A. (2.25) 

In particular the element p defined in (12.41) . which for us always represents an object from the 
classical group, extends to an element of (f)*^)* that is trivial on c and D. We may then identify the 
first £ simple roots of the affine Lie algebra with those of its classical counterpart: 

at = Ui for /= 1,2,...,£. (2.26) 



We likewise extend the fundamental weights COj for j = 1 ,...,£ to elements of (()^)* by setting 

{C0j,c) = {cOj,D) = 0. (2.27) 

Also, we can identity the affine coroots /zi,/?2, . . . ,/?£ with the corresponding classical coroots de- 
fined in S2.ll under the same name. It remains to describe both a/+i and hg^i in terms of the 
underlying finite-dimensional root data. 

Let I e A be the minimal positive imaginary root. It is characterized as the unique linear map 
I G (Y)* satisfying the condition that 



(l,X) =0 for Z G Mc©f) 
and (i,D) = 1. 



(2.28) 



We then have the following explicit description of the real and imaginary roots of g^: 

Aw = {a + ni \ a e A, n eZ} (2.29) 

A/ = {ni\ny^O,neZ}. (2.30) 

The classical roots A can be regarded as the subset of A^y with n = in this parametrization. One 
then has 

a/+i = -00 + I, (2.31) 

where we recall that Oq denotes the highest root of the underlying finite-dimensional root system. 
We shall now give a similar description of /j^+i. To do so, we recall from [22, (6.2.1)] that 
one can define a symmetric, non-degenerate, invariant bilinear form (-I-) on t)*^. The form is first 
defined on f) in terms of certain labels of the affine Dynkin diagram (coming from the coefficients 
of OCq when expanded as a sum of the finite simple roots), and then is extended to all of 1)^ by 
setting 

{hi\D) = 0, for / = 1,...,£, 

(/i^+i|D) = 1, (2.32) 

and (D|D) = 0. 

The form (■ | ■) also induces a symmetric bilinear form on (f)*^)*, which we continue to denote by 
(■ I ■), and which has the following characterization: 

{at I Uj) = {at, aj) , for ij e {!,...,£}, 
{ai\ai+i) = (a,,-ao), for ? g {!,...,£}, (2.33) 

and {ae+i\ae+i) = (ao,ao) = 2. 

It is easy to see that the above equations imply that 

(l I l) = and (i I a/) = for / = 1, . . . ,£. (2.34) 

Note that together with the relations 

(Af+i I A^+i) = 0, 

(a,|A^+i) = 0, for/= !,...,£, (2.35) 

and {ai+i | A^+i) = 1, 
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(12.331) and (12.341 ) completely specify the form (-I-) on (t)^)* (and hence i)'^). We define normalized 
coroots by the formula 



More generally for 



we set 



h'a, := ^-^hi, ie{l,...J+l}. (2.36) 

b = Y^KiGi (2.37) 

(.+ 1 

h'b ■■= E^-.^.- (2.38) 

Using (I2.26|) and (|2.31l) these conventions give a definition for h[ . 

For any real root b we have defined the corresponding coroot h^, in (I2.23|) in terms of the Weyl 
group action. One then has that 

h', = ^^H (2.39) 

(see for example [l22l (5.1.1)]). We now set 

hr ■■= xd^K = h[, (2.40) 

using (Oo, OCq) = 2. Suppose a = a + ni E Ayy with a E A and n G Z as in (12.291) . Then in fact 

where in the second equality we have used the fact that (a | a) = (a | a), a consequence of (|2.34l) . 
In particular we also have the formula 

hi+i = h-Of,^ + hi , (2.42) 

in analogy to (12.311) . One may check that hi is also a generator for the one-dimensional center Mc 
of g*^ and that we have the direct sum decompositions 

^^ = M/zi © {) © WD and ^ = M/zi © [) (2.43) 

similar to (12.241) . This decomposition of [)^ will be frequently used later in this paper. 

C. Lemmas on the Affine Weyl Group 

2.6. The affine Weyl group W was defined above as the group generated by the reflections 
vvi , . . . , W£_|_i from (|2.201 ). It also has a more classical description as the semidirect product 

W = WxQ^. (2.44) 

More concretely, the elements b of the coroot lattice Q^ correspond to translations Tf, in the Weyl 
group W. Recall that T^, fixes i, as do all elements in W. The action of T^ on X E Span(ai, .. .^ai) 
is given by the formula 

Tb-.X^ X + {X,b)i. (2.45) 
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It is also possible to obtain a general formula for the action of T^ on an element in (t)^)*, though 
we will not need it here. 

We shall now state a formula for the action of W on [)^, which we shall make frequent use of 
later. The general element of f)*^ can be written in terms of the decomposition (12.431 ) as mhi +h + 
rD. If we use (|2.44l) to factor weWasw = wTt, for some w eW and b eQ"^ , then we have 



w ■ (mhi + h + rD) 



'-^ + {h,b) + m 



hi - rw(b)+w(h) + rD (2.46) 



(see f8^, p. 309]). Note that in particular W fixes hi, i, and c. Combined with the fact that (12.231) is 
well-defined, this shows that the coroots satisfy 

wha = h„a (2.47) 

for any w eW and a G A. 

2.7. For each w e W we denote by (,{w) the length of w, i.e., the minimal length of a word in 
wi , . . . , Wf_|_i which represents w. We then have the following estimate: 

Lemma. Let \\-\\be an arbitrary norm on f). Then there exist constants E, E' > depending only 
on the (finite-dimensional) root system A and the choice of norm || ■ || such that 

E' \\b\\ - #{A+) < i{w) = i{w-^) < £||Z7||+#(A+), (2.48) 

for any element w EW of the form w = T^w orw = wTt,, where b E Q^ and w EW. 

Proof. Assume that w has the form Tjyiv (the statement for w = wTj-, is equivalent). From [1211 
Proposition 1.23] one has 

l{w) = Y. l(a,^)-ZA_(v?-ia)|, (2.49) 

o!eA+ 

where Xa_ is the characteristic function of A_. By the triangle inequality 

^(w) < Y. (I(«.^)l + l) = E |(a,/^)| +#(A+). (2.50) 

a e A+ a e A+ 

Similarly, we deduce from (12.491 ) that 

l{w) > ^ (|(a,Z.)|-l) = Y l(a,^)l -#(A+). (2.51) 

a e A+ a e A+ 

Writing b = ^4=1 diCo]' in terms of the fundamental coweights (0^ and letting 

M = max (a,(0,^), (2.52) 

aeA+ 

we have \{a,b)\ <M Y!i=\ \di\ for any a G A+. On the other hand, 

£ \{a,b)\ > £ |(a,Zp)| = £|(a,-,Z.)| = £K|. (2.53) 

aeA+ aen i=l 1 = 1 

As all norms on a finite dimensional vector space are equivalent, the assertions of the lemma 
follow. n 



2.8. For any element w eW v/e set 

Aw = {aeA+\w^'^a<0}. (2.54) 

It is a standard result that 

#(A^) = i{w) = iiw-^). (2.55) 

Moreover, given a reduced decomposition w = Wi^. . . wi^ , r = i{w), the set A^^ can be described as 

A^ = {/3i,...,/3,}, (2.56) 

where /3j = w,-,. ■ ■ ■ Wi._^^ (aij) for j = 1 , . . . , r. We also set 

A_,vv = {aeA^\wa>0} = w^^A^. (2.57) 

Similarly to (|2.56l) it equals 

A-,w = {7i,---,7j, (2.58) 

where y^ = w^^jS; = w,i ■ ■ ■ Wij {ai-) = -w/i ■ ■ ■ w,y , (atj) for j = 1 , . . . , r. 

2.9. Considering the classical Weyl group W as the subgroup of W generated by wi , . . . , w^, let V7^ 
denote the Kostant coset representatives for the quotient W\W: 

W^ = {w eW \w^^ai>0 for i=\,...,i}. (2.59) 

For any / = !,...,£ and w G W^ let us write 

w^^tti = Oi + Ki{w^^)i, where a, G A and Ki{w^^) G Z>o, (2.60) 

which is possible since the Weyl translates of the a, lie in Ay/ (see (12.291 )). 

Lemma. For any w G VF and /= 1 ,...,£, we /zave ?/za? 

K-z(w"^) < l{w) + \ = i{w-^) + l. (2.61) 

Proof. Suppose first that C7, in (|2.60l) is positive. Then 

w^\-ai + ni) = -Gi + {n-Ki{w^^))i (2.62) 

since W^ preserves the imaginary root i. The root —aj + ni is positive if n > 0, whilew^^(— a, + ni) 
is negative if n — K"/(w^^) < 0. Hence A„, from (12.541 ) includes the roots 

-a,- + i, -a, + 2i, ..., ~ai + Ki{w^^)i. (2.63) 

From this and (|2.55l) we conclude that K",(w^^) < i{w^^) = i{w). A similar analysis for the case 
of Oi < shows Aw contains the string 

-ai + i,...,-ai + {Ki{w^^)-l)i, (2.64) 

and so Ki{w-^)<i{w-^) + I. D 
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D. Loop Groups and Some Decompositions 

2.10. We next introduce some notation related to loop groups following [6], which we briefly re- 
view here. Let 0z C and q^ C g^ be Chevalley Z-forms of the Lie algebras defined above. Given 
a dominant integral weight A G f)* extended to (f)^)* as in (|2. 16112.171) . let V^ be the corresponding 
irreducible highest- weight representation of g^. Also, let V£ C V denote a Chevalley Z-form 
for this representation, chosen compatibly with the Chevalley forms gz and 0| and with suitable 
divided powers as in ^ . 

For any commutative ring R with unit, let gi^, g^, and V^ be the objects obtained by tensoring 
the respective objects gz, 0|, and V^ over Z with R. For any field k, we let G^ C Aut(y^'^) be 
the group defined in [6, (7.21)] by exponentiation of the corresponding Lie algebra representation. 
When no subscript is present, we shall implicitly assume that ^ = M, so that for example G is 
taken to mean G^, etc. 

For a E A\y and u Ekwe define Xa{u) as in |l6l (7.14)], which parameterizes the one-parameter 
root group corresponding to a. Using Xa{i^) we may then define the elements 

Wa{s) := Za{s)X-a{-S-^)Xa{s) (2.65) 

and 

hais) := Wais)Wail)-' (2.66) 

for s Ek*. We shall use the abbreviation hi{s) = haj{s) for i = 1 ,...,£+ 1 . We shall fix A throughout 
and shorten our notation to G := G^ and make a similar convention for G^. 

In case fc = M, we let {■, ■} denote the real, positive-definite inner product on V^ (see |l6l §16] 
and the references therein). We then define subgroups 

f = lYeG\YVi = vi] 
and K = ^kEG\{k^,kr]} = {^,r]} for ^,r]EVlj. 

Fix a coherently ordered basis ^ of V^ in the sense of |l6l p. 60], and let H, U, and B respectively 
denote the subgroups of G consisting of diagonal, unipotent upper triangular, and upper triangular 
matrices with respect to 3§. The subgroup U contains the one-parameter subgroups Xaiu) for each 
a G A-I-. The subgroup H normalizes U and 

B = H kU (2.68) 

is their semi-direct product. The group H is isomorphic to (R*)^+^ via the map 

{si,...,S£+i) ^ hi{si)---h£+i{s£+i). (2.69) 

We use this parametrization to define the map h t-^ h"' on H for any simple root a,, via the formula 
hj[sY' = s^°'''^J' . The products on the righthand side of (12.691 ) with each si > form a subgroup 
A = Mt^^ of H, so that A is isomorphic to () by the logarithm map 

In : hi{si)---hf+i{se+i) h^ ln{si)hi + ■■■ + \n{se+i)hf+i. (2.70) 
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Both H and A have Lie algebra [), and in fact 

^ = A X {Hf\k) (2.71) 

holds as a direct product decomposition. The notation (12.71 ) extends to give a character a i— t- a of 
A for any A G (f)^)*. For any linear combination 

X = ciai + ■■■ + Q+ia£+i, c/ e Z, (2.72) 

we define the map 

hx{s) := hi{sy' ■ ■ ■ ht+i{sy'^+' for 5 G M* . (2.73) 

Using the relation i = Oq + a/+i from (|2.31l ). this then allows us to define hi{s) for 5 G M*. 
Define 

Hcen := {/?i(5)|5GM*} 



and Hci := < fj/z,(5/) | 5i, .. .,5^ G 



(2.74) 



(=1 
and then set Acen = A fl Hcen and A^/ = A fl Hd . We then have a direct product decomposition 

A = Acen X Arf . (2.75) 

Indeed, it suffices to show that Af/ CiAcen = {!}• Indeed, any element x G A^ CiAcen can be written 
as 

X = hi{s) = h, with s G R>o and h G A,./. (2.76) 

Recall from above that the group G is defined with respect to a dominant integral weight A . Be- 
cause of [6, Proposition 20.2], there exists a positive integer m together with a homomorphism 
K{X,mAg+i) : G ■— )■ G™^''+i. According to fS", p. 107] this map identifies the elements hi{s) in the 
two groups, for any 1 <i<£+l. From (|2.18l) and (|2.421 ) we see that the fundamental weight A^+i 
satisfies (Af^i, hi) = 1 and (A^+i,/?,) = for / = 1, ...,£. In the group G^^^+i, which acts on the 
highest weight representation V'"^^+^ with highest weight vector VmA^^+p [IS Lemma 11.2] shows 

hi{s)v„,A,^^ = 5'"<'^^+i'^')v„A,^, = ^'"v„A,+,. (2.77) 

However, using (12.761) the same lemma shows hi{s)v,nAc+i = hv^Ag+i = ^mA^+i because h G A^/. 
Thus i''" = 1 from which we can conclude that s = I itself. 

2.11. For any field k, we define //yt to be the subgroup of G^ consisting of diagonal matrices with 
respect to the coherent basis M. Similarly we set 5yt and t/^ to be the groups of upper triangular 
and unipotent upper triangular matrices with respect to =^, respectively. As in (12.681 ). Bi^ is the 
semi-direct product of H^ and Uk- Moreover, the group H^ is isomorphic to {k*Y^^ via (12.691 ) 
(recall that the elements ha{s) from (12.661) are defined for s G k*). 

The group G^ is equipped with a Tits system (see [S §13-14]) which identifies the affine Weyl 
group W from section |Z6] as the quotient N{Hk)/Hk = W , where N{Hk) is the normalizer of H^ in 
G. Thus each w eW has a representative in N{Hk), which we continue to denote by w. Moreover, 
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if w is written as a word in the generators wi , . . . , W£^i from (12.201 ). a representative is furnished by 
the corresponding word in the elements Wa, (1), . . . , Wfl^,^j (1) from (I2.65I ). We shall tacitly identify 
each w eW with this particular representative. In the special case fc = R these representatives lie 
in K. With these conventions, there exists a Bruhat decomposition 

Gk = [j BkwBk, (2.78) 

wew 

where in fact each double coset Bj^wB^ is independent of the chosen representative w. Because of 
(12.681) and the fact that W normalizes //^, every element g EG^ can be written as 

g = UIZWU2-, where u\,U2 G Uk, w eW, and z E H^. (2.79) 

If ^ = M, the elements w eW and z E H are uniquely determined by g, though ui and U2 E U are 
not in general. 

2.12. Next, we recall from [lH §16] that there exist Iwasawa decompositions 

G = UAK = KAU (2.80) 

with respect to the subgroups U, A, and K defined in section [2?T0l with uniqueness of decomposi- 
tion in either particular fixed order. Given an element g EGwe denote by Iw^(^) E A its projection 

onto the A factor in the first of the above decompositions. Note that Iw^ : G — t- A is left L'^-invariant 
and right A'-invariant by construction. 

For r G M, write s = e'' and define the exponentiated degree operator on V^ by the formula 

ri{s) = exp(rD). (2.81) 

The element 7] (s) acts on the one-parameter subgroups Xa+m (■) by 

n{s)Xa+ni{u)ri{s)-^ = Xa+ni{s"u). (2.82) 

It furthermore acts as a diagonal operator with respect to the coherently ordered basis ^, and 
consequently it normalizes U and commutes with A. It then follows that 

ri{s)G = {ri{s)g\gEG} = Ur){s)AK. (2.83) 

We then extend the function Iw^ above to a function Iw / n^ : r}{s)(J ^ t] {s)A by defining 

I%(.)a(^W^) = Vis)lwM e Vis)A. (2.84) 

This extension is obviously right ^-invariant, and is also left [/-invariant because rj (s) normalizes 
U. It furthermore satisfies 

^^77(i-)A(^('^)^i"^2^) = Iw^^^^^(r](^)ai)a2 = ri{s)aia2 (2.85) 

for any u EU,ai,a2EA, and k E K. 

We extend the logarithm map In : A = fi defined in (12.701) to rj {s)A by the rule 

ln{ri{s)a) = rD -f ln(a) for a G A (2.86) 

(cf. (12.811) ). For the duration of the paper we make the important restriction to consider only the 
case that r > oQ 

'Note that the convention in [6 1 is to also consider r > 0, ahhough Tj {s) from (12.811 1 is instead parameterized there 
as Tj(i) = exp(— rD). This is because here we work with the Iwasawa decomposition ( 12.801 1 having K on the right, 
whereas in op. cit K is on the left. 
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E. Adelic Loop Groups 

2.13. In this section, we review some aspects of adelic loop groups and their decompositions; 
further details can be found in tSjiH]. Let 'Y denote the set of finite places of Q, each of which 
can be identified with a prime number p and the p-adic norm | ■ \p. For each p E^ the field Qp 
is the corresponding completion of Q and has ring of integers Zp. We write y^ = i^ VJ {00} for 
the set of all places of Q, where the place 0° corresponds to the archimedean valuation | ■ |c« , i.e., 
the usual absolute value on Q^o = M. The adeles are defined as the ring A = Hpe^rf Qp? where the 
prime indicates the restricted direct product of the factors with respect to the Z^. Likewise, the 
finite adeles Ay are the restricted direct product of all Qp, p eY, with respect to the Z^. For each 
a = (up) e A the adelic valuation is defined as |a|A := Ylpey^ \^p\p- We also write I = A* for the 
group of ideles and ly = I fl A/ the group of finite ideles. 

In section [27TOl we introduced the exponentiated group G^ for any field k, in particular k = Qp 
for any p eY'^. For shorthand denote Gp := Gq , so that Goo is just the real group G. For each 
p G T, we set 



Kp = {geGp\gVl = vl}. (2.87) 



By convention, we also set Koo to be the group K introduced in (12.671) . The adelic loop group is 
then defined as 

Ga := llGp, (2.88) 

where the product is restricted with respect to the family of subgroups {Kpjp^y. We also define 

Ka = Yl ^p ^ ^^- (2.89) 

per'' 

Analogously, the groups G^f and K^,- are defined by replacing Y^ with Y in (12.881) and (12.891) . 
respectively. 

We set Hp := Hq C Gp to be the group defined at the beginning of §12.1 1[ where we remarked 

that it is generated by the elements /?i (s), hjis),. . . , hf^i (s) for s G Q*; thus for example, H^^ = H. 

Define Hp^ = itn^yeHp, where the product is restricted with respect to the family of subgroups 

{HpHKpjp^i/. Analogously to (12.691) . every element h G H^ has an expression 

(+1 
h = ]^/j,(5,), where each 5/ G I . (2.90) 

For such an expression, we define its norm to be the element of A given by the product 

f+i 
\h\ = n^'d^'U): (2-91) 

which can be shown to be uniquely determined by h G //a independently of its factorization (|2.90l) . 
We set C/a = Itp^ye Uq^, where the product is restricted with respect to the family {Uqp HKpjp^y. 
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We shall also write B^ = U^- H^, which itself is the restricted direct product of all tjq ■ Hp with 
respect to their intersections with Kp. 

2.14. We next state the adelic analogues of the Iwasawa decompositions (12.801) and (|2.83l) . First, for 
each p eY there is the p-adic Iwasawa decomposition Gq = Uq^Hq Kq^, which is not a direct 

product decomposition because Hq^ n Kq^^ is nontrivial. Together with the p = °° decomposition 
(12.801) . these local decompositions give the adelic Iwasawa decomposition 

Gk = UaHaKa. (2.92) 

Although the adelic Iwasawa factorization 

g = Ughgkg, Ug e UA.hg e Ha, kg e Ka, (2.93) 

is not in general unique, the element \hg\ defined using (12.911 ) is independent of it. We shall write 
the projection onto this element as the map 

IwJ : Ga ^ A, 

^ (2.94) 

S ^-> \hg\ 

onto the Iwasawa A-factor of G. Note that \hg\ is an element of the real group G; we do not adelize 
A. 

Recall that we have defined 7] (s) in (|2.81l) in the context of real groups, where it has a nontrivial 
action on G = Gq^ by conjugation. After extending this action trivially to each Gq , p E^, there 
is then a twisted Iwasawa decomposition 

t]{s)Ga = UAy]{s)HAKA. (2.95) 

Moreover, if we write r\ {s)g G f] {s)Ga with respect to the above decomposition as 

ri{s)g = Ugr]{s)hgkg, Ug G f/A, ^g e HA.kg G ^a, (2.96) 

then the element \hg\ from (12.911 ) is again uniquely determined. We shall denote this projection by 

r]{s)A iw i5. (V y : (2.97) 

g ^ r]{s)\hg\, 
generalizing (12.841 ). 

2.15. In ^2. 101 the group Gq was defined over the field ^ = Q. It has embeddings Gq ■— t- Gq for 
each p E'f'^, and hence a diagonal embedding 

'■ : ^Q -^ n ^%- (2-98) 

Note that the righthand side is the direct product, not the restricted direct product: this is because 
/(Gq) is actually not contained in Ga (see [8, §2]j3- Define 

Tq := ri(GA) C Gq (2.99) 

as the subgroup of Gq which does embed into Ga- We shall generally follow the common conven- 
tion of identifying Fq with its diagonally embedded image /(Fq). 



^In contrast to the finite-dimensional situation, an element of Gq can involve different prime denominators in each 
of infinitely many root spaces. 
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3 Iwasawa Inequalities 

3.1. In (|2.54|) we associated to each w gW the finite set of roots 

A^-i = {aeA\a>0,wa<0}. (3.1) 

Recall that Weyl group fixes all imaginary roots, so A^i C Aw ■ For each root a E Aw let Ua denote 
the corresponding root group consisting of the elements {Xa {s)\s eM}, and fix any order on A. Let 
U be the subgroup of G which acts by unipotent lower triangular matrices on the coherent basis 
M from section lOOl We then have the subgroups 

U^ ^ Yl Ua -- Unw^W-W C U (3.2) 

and 

[/_^^ = wU^w^^ = Yl ^r = U^nwUw^^ C U , (3.3) 

where the product is taken with respect to the fixed order and one has uniqueness of expression 
(cf. [fTl Lemma 6.4 and Corollary 6.5]). 

Similarly, each Ua has a rational subgroup Ua,Q = {Xais)\s E Q}. Rational subgroups Uw,q C 
Uw and fZ-^H-.Q C [/-,vv are defined as products of Ua^q and Uy^q over the roots a and y appearing in 
(13.21) and (13.31 ). respectively. Because Xa{s) is also defined for s E Qp, we likewise have subgroups 
Ua.q , U^.^q^, and U^^^^q^, and their adelic variants U^,^ and t/-.H>,A defined as restricted direct 
products. 

3.2. Recall the notation for the Iwasawa decomposition and its adelic variant introduced in (12.841 ). 
(12.941) . and (12.971) . For elements x,y in any group we shall use the shorthand notation x^ :=yxy^^ . 

Lemma, i) Let Jq E Tq, regarded as diagonally embedded in G^ as in ^2.15\ and let g EG. Use 
A2. 79\) to write yq = u\zwu2 with ui,U2 E Uq, w eW ., and z E Hq. Regard the element jqi] {s)g E 
ri{s)GA and define the element Vw ^2-(7Q^(■^).?) ^ ^(■^M '^^ '^ ( 12.971) . Then 

Tj (s)A 

Iw^(,)l(rQr](.)^) = Iw^(^)^(77(.)g)^-Iw|(wi.,) (3.4) 

for some element u^ E t/vv.A (depending on yq and T] {s)g). 
ii)Ifr^TcG, 

i%WA(r^W^) = iw^(.)a(^W^)"-i4(^"-) (3.5) 

for some element u^ E U„^^ (again depending on y and r\ {s)g). 

Proof. First we note that since z E Hq we have that Iw^(z) = 1. Using the left t/A-invariance, the 
commutativity of A with '^{s), and the right ^A-invariance of Iw^ -, we compute 

^ Iw^(,)A(^^"2r](5)^) (3.6) 

^ Iw^(,)A(^"2"'r](^)/z'), 
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where 

ri{s)g = u'r\{s)h'k' , with u e U , h' = lw^{g) e A, and k' e K, (3.7) 

is the (real, and hence also adelic) Iwasawa decomposition of T\{s)g. Let u = uiu' G t/A- Again 
using these properties plus (12.851 ) we then have 

KwA^^Q"^^^)^^ = Iw^(,)l(wi^r](^)/i') 

where u" = {r\{s)h')^^u{r\{s)h') lies in Up^ because r\{s) and h' E A both normalize U^. Fur- 
thermore, u" can be factored as u" = u"'uw, where wu"'w^^ E Ua. and Uw G Uw,a- Thus wu" = 
{wu"'w^^)wuw and formula (13.41) now follows from once more applying the left L'^A-invariance of 

Iw"^, ,-. This proves part i). 

n{s)A 

To prove part ii), let 7q G Fq be the diagonal embedding of y into Ga- Since r\ {s)g G G, the 
archimedean component of 7qT] {s)g is yrj {s)g. At the same time, its nonarchimedean components 
are Yp. These lie in Kp since they preserve the lattice V£ (as a consequence of the defining fact 

that Y^ G preserves V^). Hence the projection of 7qT] {s)g onto Ga. lies in K^f, and by definition 
(12.941 ) the left hand sides of (1341 ) and (1331 ) agree. D 

In particular part ii) of the lemma asserts that for 7 G F, 

ln(lw^(.)A(r^W^)) = ln(77(5)^') +ln(lw^U)^) +ln(lw|(wi^,)) (3.9) 

for some element u^ G t/w^A^ where the logarithm map In was defined in (12.701 ) and (12.861 ). 

3.3. We next establish some estimates on the individual terms in (|3.91) for later use in section |4l 
For any parameter ? > let 

At := {/zGA I /z''' >f foreach / = 1,...,£+1}, (3.10) 

and let U^ be a fundamental domain for the action of F fl f/ acting on U by left translation. Siegel 
sets for T] {s)G were defined in ^ as sets of the form 

&t := UojT]{s)Atk, (3.11) 

for some choices of ? > and U^. 

According to (12.421 ) and (12.431 ). any element X G () can be decomposed as 

X = X,, + {Ae+i,X)hi , with Xci G d and (A^+i,X) G M, (3.12) 

where we recall that Af^i :()—)■ M from (|2.181) is the (£+ l)-st fundamental weight (it is trivial on all 
classical coroots). Note that because hi and c are nonzero multiples of each other, properties (12.25) 
and (|2.271) assert that all classical roots a G A, classical coroots, fundamental weights C0i,...,C0£, 
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and p from (12.41 ) extend trivially to R/?i ©MD. The classical component X^/ can be expanded as a 
linear combination 

Xci = £(a),-,X)/i; (3.13) 

of the coroot basis {/zi , . . . , /?^} of t) using (12.271) . Because of property (12.51 ) we have that 

(p,X) = {p,Xa) = £(Wj,X). (3.14) 

7 = 1 

With the above notation, we can now state the following result, which is one of the main technical 
tools in this paper. 

Theorem. Fix an element r\{s)g of a Siegel set &t C t^{s)G as in ( 13.771) . Recall from ( 12.871) 
that r\{s) = exp(rD) for s = e'', r E M>o- Then there exist positive constants E — E{s,t,A), 
Ci = Ci(i',?,A), C2{sJ,A) depending only on s, t, and the underlying classical root system A, 
and another positive constant C3 = C2{g,s,t,A) depending also on g with the following proper- 
ties: for any element w E W^ as in ( 12.591) and Uw G Uw,K, the vectors //i,//2, and 7/3 G () defined 
by 

77i := ln(Iw|(wMj), 772 := H^{sY) - rH , and H3 := ln(Iw^(g)") (3.15) 

satisfy the inequalities 

{(Oj,Hi) > and {(Oj,H2) > for j = 1, . .., i, (3.16) 

\{(0j,H3)\ < E for j =!,...,£, (3.17) 

and 

(Af+i,77i) > -Ci(£(w) + l)(p,77i), 

{Ae+uH2) > -C2(£(w) + l)(p,772), (3.18) 

and (Af+1,773) > -C3(£(w) + 1). 

Remark: In fact, one can choose Ci = 1 in the simply-laced case (as the proof below will show). 
The dependence of C3 on g is relatively mild, and only enters through (A£_|.i,ln(Iw^(g))) in (13.491) . 
In particular it is locally uniform in g. 

3.4. The proof of the above inequalities will occupy the rest of this section. We shall first draw a 
corollary which will useful in the sequel. Recall from (12.751) that the group A has a direct product 
decomposition 



^cen 



xA,i, (3.19) 



where Acen is the connected component of the one-dimensional central torus of G and Ad is the 
connected component of the split torus from the finite dimensional group G underlying G. As 
before we identify M>o with Ace„ via the map s h-)- hi{s). There is a natural projection from r}{s)A 
onto A, and subsequently onto each of the factors Acen and Af/ in the decomposition (13.191) . 
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Corollary. There exist constants C,D > 0, depending only on s, t, the underlying classical root 
system A, and locally uniformly in g, with the following property: for any w G W^, y E TnBwB 
and rj {s)g G &t we have the estimate 

X > D);-(CW-)+i))-\ (3.20) 

where a G A^i and y G Acen — ^>o ci^^ ^he projections of 

iw^WA(r^W^) e ^(^M (3.21) 

onto Aci and Acen, respectively, andx = aP E M>o- 

Proof. We start by using part ii) of Lemma \32\ (in particular, its consequence (|3.9I) ) to write the 
logarithm of (13.211 ) as rD + Hi+H2+H2, where Hi,H2, and Ht, are defined in (I3.15I ). This allows 
us to factor 

X = x\X2X^ and y = yiyiys, (3.22) 

where jc,- = e'^P^"''^ and yt = e<^^+i '"''^ for / = 1 , 2, 3. 

From the inequalities (|3.18l) . there exists a constant C > depending only on s, t, A, and g (in 
which it is locally uniform) such that 

y, > ;,7^W-)+i), 

y2 > xf^'^''^+'\ (3.23) 

and B > e-CW-)+i). 

Thus 

^~(cWw)+i))-' ^ {y,y2y3)-^^^'^''^+'^^'' < x,X2e = x^. (3.24) 

Because of (|2.4|) and (13.171) . the ratio f- is bounded above and below by positive constants depend- 
ing only on s, t, and A, establishing (|3.20l) . 

D 

3.5. In this subsection we prove the first inequalities of (13.161) and (13.181) . We begin by recalling 
from [11. Lemma 6.1Jj that for any w G W^ and u^ G Uw,a, 

Hi = ln(Iw|(wMw)) = J^ Cyhy with Cy > 0, (3.25) 

where A_ ^-i = {7 G A_ |w^ V > 0} was introduced in (12.571 ). Recall from the definition (12.591 ) of 
W^ that 7 cannot be the negative of a simple classical root oti , . . . , a^, nor in their span. Since W 
acts trivially A/, A_^-i is a subset of Avi^ and its elements have the form (|2.29l) . 

Lemma. Assume that w eW and 7 G A_ ^-i. Then 7 has the form 7 = /3 + nl with /3 G A+ and 
n<0. 



^The equivalent result stated there uses the G ~ KAN Iwasawa decomposition as opposed to the G = NAK Iwasawa 
decomposition used here. 
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Proof. Since 7 < we must have that n < 0, and in fact n < since it is not in the span of 
«!,...,«£. Let us write j8 as an integral linear combination /3 = Y^^i diUi of the positive simple 
roots. If Ji , . . . , J^ < then 



w-i' 



'y = Y,diW ^Ui + nl (3.26) 

exhibits the positive root w^^y as a nonpositive integral combination of positive roots, a contradic- 
tion. Thus at least one (and hence all) di > and /3 is a positive root. D 

If we write 7= /3 +nl G A_ ^^,-i with /3 G A+ and n < as in the lemma, then (12.411) asserts the 
existence of a positive constant m such that hy = hp +mnhi. It follows from (13.251) . (12.11) . (12.271) . 
(l2.37H2.38l) . and the lemma that {cOj,Hi) > for j = 1, . . . , £, which proves the first inequality of 
(I3J61) . Expand Hi = ij^j {(Oj,Hi)hj + {Ae+uHi)hi as in (I3.12H3.13L so that 

W-I//1 = J^(ft),.,//i)Via, + (A^+i,^i)^i (3.27) 

7 = 1 

by (12.231) . For each j = 1,. . . ,£ we write the positive root w^^a^ as /3(j) + K'j(w^^)i, withj8(7) G A 
and K"j(w^^) > 0. Hence, again from (12.411 ) there exists a positive constant m^^-i^. (which equals 
1 in the simply-laced case, and which can only take on a finite number of values in general), such 
that 

K-h^j = hp(j) + m^-i^.Kj{w-^)hi. (3.28) 

The coefficient of hi in (|3.27|) is then given by the sum 

e 
(A,+i,//i) + £ m,,-,,^. (cOj^Hi) Kjiw-') . (3.29) 

On the other hand, from (12.471 ). (13.251 ). and the definition of 7 G A_ ^^,-i it follows that w^^Hi is a 
nonnegative integral combination of positive coroots and so (|3.291) is nonnegative, in particular 

£ 

-Y,fn^-^a,{(Oj,Hi)Kjiw-') < (Ae+uHi) < 0. (3.30) 

7 = 1 

The second inequality here comes from (13.251 ). the lemma, and (12.411) . Lemma [Z91 asserts that 
Kj{w^^) < i{w) + 1. Since the values m^-i^. are bounded by an absolute constant (and again all 
equal to 1 in the simply-laced case), the first inequality of (13.181) now follows from (13.141 ). 

3.6. Next, let us tum to the second of the inequalities listed in (13.161) and (13.181) . Recall that we 
have defined H2 in (13.151 ) through the formula 

w(rD) = rD + H2. (3.31) 

Now, let us write w = wTt, with w eW and b & Q^ . Decomposing H2 = H2^ci + (A£+i,i/2)^i as in 
(I37T21) . formula (12461) implies 

(A^+i,//2) = -^^ and //2,c/ ^ -rwb. (3.32) 
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We claim that 

dj := (aj.wb) < for j = 1, .. ., £. (3.33) 

Indeed, from (12.451 ) we have that 

w^ Qj = T^bW^ cij = w^ <^i — {w^ aj,b)l. (3.34) 

By definition (12.591) . w^^gj > for w G W^ and j = 1 , . . . , n, hence 

-{w-^aj,b) > 0, (3.35) 

i.e., dj = {uj.wb) = (w^^aj.b) < because of (12.211) . 
By Lemma [2?n the inequality (13.331 ) implies that 

qj := {(Oj,wb) < for 7 = 1,. ..,£. (3.36) 

Hence, 

{(Oj,H2) = {C0j,H2,ci) = -r{cOj,wb) > for 7 = 1,...,£. (3.37) 

This proves the second inequality in (13.161 ). 

Let us now tum to the second inequality of (13.181 ). From (|3.33l) and (|3.36l) we have the simul- 
taneous expressions 



wb = ^Qjhj with^y < 

£ 

and wb — ^djCoJ withJ^ < 0, 

7=1 

where ft)/ and ft;/ are defined in (|2.11 )- (|2.21 ). Using (12.31 ) we find that 

i 

E 

( = 1 



(3.38) 



»>^^) = E(^^'^'- (3.39) 



Since the denominators take on only a finite number of positive values, there exists a constant 
5 > such that 

(. (. 

{wb.wb) < BY^diQi <-B-mao^\di\- Y^Qj. (3.40) 

Applying Lemma [277] results in the estimate max,- |J,| < C'{i{w) + 1) for some constant C' > 
independent of w. Thus there exists some constant C" > 0, again independent of w, such that 

-(A..„H2) = .^ = .^ < -C"Ww) + l) ir„. (3.41) 

7 = 1 
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(3.44) 



On the other hand, we have from (1231 ). (13321 ). and (13381 ) that 

(p,//2,d) = -{P,rwb) = -r{p,Y,Gjhj) = -£^^j- (3.42) 

J=l 7=1 

The second inequality of (13.181) follows from (|3.41i) and (13.421) . 

3.7. Finally, we turn to (|3.17l) and the last inequality (13.181 ) in Theorem l33l Let //^ := ln(Iw^(^)), 
and write 

Hg = //,,,/ + {Ae+i,Hg)^, (3.43) 

where //^^^./ G P) as in (13.121) . If we write w = wTi, with w &W and b E Q"^ , we have 

//3 := wi/^ = wThHg^c-i + {^£+uHg)hi 

= wHg^ci + {{Ae+uHg) + {Hg^,i,b))hi, 

where we have used (|2.461) and the fact that w fixes hi. This implies 

{H3),, = wHg^,i, (3.45) 

in particular. 

Recall that we have assumed that t] {s)g G 6f with t > 0. Because of (13.101) we must have that 

lw^{V{s)gr = e<"''''°+^*'^ > t for /= 1,2, ...,£+ 1, (3.46) 

i.e., {ai,rD + Hg) > \n{t) for / = 1,. . .,£+ 1. Since (l2;25l) - (lZ26l) imply that (a,,/z) = for /? G 
]R/Z[ © WD and ?' = 1 ,...,£, we furthermore have that 

{ai,rD + Hg) = {auHg^ci) > ln(0 for / = 1, . . ., £. (3.47) 

On the other hand, from (12.281 ) and (|2.311 ) we also have that 

{ae+i,rD + Hg) = {-ao + i,rD + Hg) = -(ao,^g,d)+^ > ln(0, (3.48) 

where we recall that ocq is the highest root for the finite-dimensional Lie algebra g, and as such is a 
positive linear combination of the roots a/, / = 1, . . . ,£. Thus, from (13.471) and (|3.481) we conclude 
that as Ti{s)g varies over the Siegel set &t, the quantity \{ai,Hg^ci)\ is bounded for / = 1,...,£ 
by a constant which depends only on t,r, and the root system A. Since w varies over a finite set, 
inequality (13.171) now follows from (|3.451) and Lemma IITI 
Formula (13.441 ) also implies that 

(A^+i,//3) = {Ae+i,Hg) + {Hg^,i,b). (3.49) 

Using (13.171) . Lemma 12771 and the Cauchy-Schwartz inequality, we see that there exists a constant 
C = C{s,t,A) depending on such that {{H^^chb)] < C{i{w) + 1). Since (A^+i,//^) depends locally 
uniformly on Hg, the last inequality of (13.181) follows. 
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4 Entire absolute convergence on loop groups 

In this section, we combine our analysis from section |3] with a decay estimate on cusp forms to 
conclude that cuspidal loop Eisenstein series are entire. We begin with some discussion of the 
structure of parabolic subgroups of loop groups. 

4.1. Let k be any field and consider the group Gk constructed in section 12.101 For any subset 
9 C { 1 ,...,£+ 1 } let We denote the subgroup of W generated by the reflections { w,- 1 z e } , and 
define the parabolic subgroup Pq^ C Gk as 

Pe,k ■■= BkWeBk, (4.1) 

where each w eWq is identified with a representative in N{Hk) as in section IZTTl Thus pQk — G^ 
when = {1,...,£+1} (cf. (12.781) ). Denote by Ug^k the pro-unipotent radical of Pg^k- HOC 
{ 1 ,...,£+ 1 } the group Wq is finite, and the group Uq^ can be written as the intersection of Vk with 
a conjugate by the longest element in Wq. Recall the subgroup H^ C Gk defined at the beginning 
of section [2?m as the diagonal operators with respect to the coherent basis ^. We now set 

He,k = {h^Hk\h-' = 1 foraU/ G 0) 
and H{e)k = {hi{s)\ for i e 6 and s E k*) . 

Analogously to (12.751) . there is an almost direct product decomposition Hk = Hq k x H{9)k- Let 

Le.k = {Xii{s)\^e[Blsek), (4.3) 

where [9] denotes the set of all roots in A which can be expressed as linear combinations of ele- 
ments of d . We now define 

Me,k = Le^kHe^k, (4.4) 

its semi- simple quotient 

L'e,k = Me,k/Z{Me_k) = Le,k/{Z{Me,k)nLe,k). (4.5) 

and the natural projection 



nu^^^-.Me^k^ L^e,k- (4-6) 

With the notation above, Pe^k decomposes into the semidirect product 

Pe,k = Ue,k^Me,k (4.7) 

(see DTI Theorem 6.1]). 

4.2. We now suppose that fc = M and continue our convention of dropping the subscript k when 
referring to real groups. Recall the subgroup Aof H defined in section [OOl Setting Ag = Hq DA 
and A(0) = H {0)0 A, it has the direct product decomposition 

A = A X A(0) (4.8) 

23 



as a consequence of the fact the Cartan submatrix corresponding to 6 is positive definite [|22l 
Lemma 4.4]. 

The decomposition (14.41 ) is not a direct product, but can be refined to one as follows. Define 

Ml = n ker(z'), (4.9) 

where X{Mq) denotes the set of real algebraic characters of MgO Then the direct product decom- 
position 

Mq = mIxAq. (4.10) 

holds. 

The group G has an Iwasawa decomposition with respect to the parabolic Pq, 

G = PqK = UeMeK. (4.11) 

In contrast to (12.801 ). this Iwasawa decomposition is typically not unique since Kq := KDMq may 
be nontrivial; in general only the map 

IwMe:G ^ Me/Ke (4.12) 

is well-defined. Noting that Kq is a compact subgroup of the finite-dimensional group Mq, one in 
fact has that Kq C Mq. This and the direct product (14.101 ) allow us to define the map 

Iw^^ : G ^ Mq/M'q = Aq, (4.13) 

which factors through Iw^g • 

4.3. The finite-dimensional, real semi-simple Lie group L'q admits an Iwasawa decomposition 

L'q = U'eA'iG)K'Q (4.14) 

of its own, where Uq C L'q is a unipotent subgroup. A' (6) = n^/ {A{6)) , and 

Kq = 7t^'^{Ke) = ^^(fnMe). (4.15) 

The projection from L'q onto A' (6) will be denoted by 

Iw^,(0):L'e^A'(0). (4.16) 

The factors Aq and A(0) have trivial intersection in (14.81 ) and the factors in (|4.101 l commute. There- 
fore the intersection Z{Mq) r\A{0) = Z{Mq) DAq r\A{0) is also trivial, and hence the map ;r^/ 
induces an isomorphism 

Kt^> :A(0) = A'{e). (4.17) 



*The group Mg was denoted Lg in lfT4ll 
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Define the map Iw^j-g^ as the composition of the Iwasawa A-projection of G defined after (|2.80l ) 
together with the projection onto the second factor in (I4.8I ). 



Then the composition 



Iw^(e) : G ^ A ^ A(0). (4.18) 



G 4« Me/i^e ^ ^e/4 ^ ^'(6) (4-19) 



coincides with ;r^' olw^(0). 

4.4. We shall fix the choice = {1, . . . ,£} for the remainder of this section, so that Wq =W . The 
groups Aq and A(0) are then respectively isomorphic to the groups Acen and A^ defined just after 
(12.741) . We will thus denote the maps Iw^ and \'^A{e) simply by Iw^ and Iw^ , respectively. 

Since r\is) normalizes U we may extend Iwj and Iwj to maps on the slice T\{s)G which we 
continue to denote by the same names, 

Iw^^^^:t](^)G -^ Acen and Iw^^^ : T](^)G -^ A,./, (4.20) 

similarly to (|2.84l ). Likewise we may furthermore define the map 

IwMe :r](^)G ^ Me/Ke = Me/iKDMe), (4.21) 

noting from (|2.82l) that rj (s) acts trivially on Mq = M^i^j. 

Recall that the group Acen consists of the elements hi (s) for s> 0. For a complex number v G C 
define hi{sy = 5^, and consider the function 

ri(s)G -^ C* 

(4 22) 
r]{s)g ^ lw^^Jr]{s)gy. 

Let P be the parabolic Pq = P^i ly The following convergence theorem for Eisenstein serieslj 
has been proven by the first named author. 

Theorem (Theorem 3.2 in [|T4l ). The Eisenstein series 

£ lw^jY7^{s)gy (4.23) 

re(fnp)\f 

converges absolutely for Re V > 2h^, where h^ = {p,hi) is the dual Coxeter number Moreover, 
the convergence is uniform when g is constrained to a subset of the form U^ Acpt K, where Acpt C A 
is compact and U^ is as in 0.iiD . 

4.5. Our aim is to prove the convergence of the cuspidal analogs of (14.231) for all v G C These were 
defined in [fT4ll . where they were shown to converge in a right half plane. For any right /^e-invariant 
function / : Mq — )■ C the assignment 

r]{s)g ^ f{l^Me{r]{s)g)) (cf.diSD) (4.24) 



^The result in fl4] states absolute convergence for the left half plane Re (v) < —2li^, since the order of the Iwasawa 
decomposition there is reversed. 
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is a well-defined function from r}{s)G to C. Recall that the finite-dimensional semisimple group 
L'g was defined in (14.51 ) together with the projection map K^' : Mq — )■ L'q. Set 

Ye := fnMe (4.25) 

and T'q = TZu (F^) . Recall that K'q = itu (Kq) from (|4.15l ) and let be a ^^ -invariant cusp form on 

re\L'g. Set' 

4> = (^o;r^, .TeVMe ^ C, (4.26) 

u 

which is right A'e -invariant. The cuspidal loop Eisenstein series from [14] is defined as the sum 

E^A^{s)g) := £ \v^^Jy7]{s)gy^{lv^Me{Yr]{s)g)). (4.27) 

ye (fnP)\f 

We can now state the main result of this paper 

Theorem. The cuspidal loop Eisenstein series, E^y{r\{s)g) converges absolutely for any v EC 
Moreover, the convergence is uniform when g is constrained to a subset of the form U^ A^pt K, 
where Acpt C A is compact and U^ is as in AS.IU . 

4.6. The proof of Theorem 14. 5 1 is based on two main ingredients, namely the inequalities proved 
in Theorem 13.31 and also the following decay estimate. To state it, we keep the notation as in 
§12.11 — [231 Let ^:r\G— T-Cbea ^-finite cusp form. The following result can be deduced 
from Theorem lA. 3. II in the appendix. Stronger results are known for ^-fixed cusp forms due to 
Bernstein and Krotz-Opdam 1231 . and those are in fact sufficient for the applications here since 
we only consider Eisenstein series induced from ^- fixed cusp forms. Their techniques extend to 
the ^-finite setting, but have not been published. As mentioned in the introduction, we anticipate 
the ^-finite statement will be useful for proving the convergence of A'-finite loop Eisenstein series 
once a definition has been given, and so we give a complete proof of the following result in the 
appendix (using a different argument). 

Theorem. Let ^ eT\G be a K -finite cusp form. Then there exists a constant C > which depends 
only on G and ^ such that for every natural number N > \,we have 

<^{g) < {CNf" l^Aig)-"" . (4.28) 

This is exactly the statement of (IA.26I) if g is in some Siegel set Gf In general, if ^ G G we can 
find 7 G r such that Jg E &f By Remark [2. 3. II we have that 

l^A{ygf > IWAU)^ (4.29) 

and so the asserted estimate for (^(g) = (piyg) reduces to the estimate on ©/. 

4.6.1. Remark The explicit A^-dependence in the estimate (14.281) is needed in showing the bound- 
edness of (|4.40l) below. Indeed, since A^ there depends on the Bruhat cell, the classical rapid decay 
statements (in which (CN)'^^ is replaced by some constant depending on A^) are insufficient. 

4.7. This subsection contains the proof of Theorem 14.51 Since cusp forms are bounded, the con- 
vergence for Re V > 2/i^ follows from that of (14.231) (as observed by Garland in [fT?]). We shall 
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prove the theorem for Re v < 2h^ by leveraging the decay of the cusp form to dominate the series 
(14.271) by a convergent series of the form (14.231 ). but with v replaced by some Vq ^ Re v. 

4.7.1. Step 1: Main Analytic Estimate. For w G W^ let r(w) =rr] PwP, which is independent 
of the representative in N(H) taken for w. Each set r(w) is invariant under TCiP. Using the Bruhat 
decomposition, the Eisenstein series can then be written as 

E0Al{s)g) = £ £ lv^^Jrr^{s)gr ^{lwMe{ri{s)g)). (4.30) 

weW^ye{fnP)\f{w) 

Recall that we have assumed Re v < 2h^ . Choose Vq G M with Vq > 2h^ > Re v, so that the series 
(14.231) converges when v is replaced by Vq. Consider the inner sum on the right hand side of (I4.301 l 
for a fixed element w eW^ , 

E Iw^_(7T?(^)^)"^(IwMe(7T?W^)). (4.31) 

ye (fnP)\f(w) 

In the notation of Corollary 13.41 let 

y = Iw^ irVis)8) e R>o and x = l^^(rv{s)g)P e M>o. (4.32) 

By the definition of $ given in (|4.26D, 4)(IwMe(r^(5)g)) = 0(^L'g(IwMe(r^(*)^)))- Since A^/ = 
A(0), we may conclude from what we have noted after (14.181 ) that 

IwA'(0)(%,(IwMe(rT?W^))) = %g(Iw^^,(rT?W^))- (4.33) 

Applying Theorem 14. 61 we conclude that there exists a constant Ci > such that 

4>(IwMjr^(5)^)) = ^[Tlufi^Me{yT]{s)g))) < {CiNf^^'x-'^ (4.34) 

for any A^ G Z>o. 

4.7.2. Step 2: Comparing the central contribution. From Corollary |3]4] there exist constants 
C2, £> > independent of 7 G TnBwB, but depending locally uniformly on g, such that 

X > Z)3;-(C2W-)+i))"' . (4.35) 

Choose a positive real d such that JC2 G Z>o and 

d > Vo - Rev > 0, (4.36) 

and let A^ = JC2 {i{w) + l). From (14351) we obtain 



Thus 



< (CiA^)^i^/'^^JC-^ 

< (CiA^)^i^ /o (;c- V'"''") 

< (CiA^)^i^/»D-^/, 
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(4.38) 



where a = J + Re v — Vq is positive by (I4.36I ). 
On the other hand, 

\ny = {Ae+iM{rr]is)g)) = (A^+i,//i) + (A£+i,//2) + (A^+h^/s) (4.39) 

in the notation of Theorem 13.31 The second inequality in (13.301) states that {Ki^\,H\) < 0. From 
(13.321) and Lemma [2771 the term (A^^i,//2) is bounded above by a quadratic polynomial in £{w) 
with strictly negative quadratic term. Furthermore, for fixed Ti{s)g G ©/, it follows from (|3.49l ) 
that |(A£_|_i,//3)| is bounded above by a linear polynomial in £{w) with coefficients that depend 
locally uniformly in g. Hence, in total y is bounded above by an expression of the form e^^^^ '^' 
where /?(•) is a quadratic polynomial with strictly negative quadratic term. By our choice of A^^ the 
term D ^ (CiN)^^^ is bounded above by a constant times ^'-'^M^^^M for some positive constant 
c'. Hence, the expression 

{CiNf'^D-^y" (4.40) 

is bounded as i{w) — )■ oo, and so we can (14.271) by a sum of the form 

I I ^^Ajrrii^)sr = I lw^Jril{s)gr. (4.41) 

weiv«ye(fnp)\r(w) ye(fnP)\f 

The convergence of (|4.27l) then follows from the fact that Vq > 2h^ is in the range of convergence 
of (1433]) . 

4.8. Instead of working over Q, we can also study cuspidal loop Eisenstein series over a function 
field F of a smooth projective curve X over a finite field. It was in this setting that Braverman and 
Kazhdan originally noticed the entirety of cuspidal Eisenstein series [4]. In fact, they observed 
something stronger which is peculiar to the function field setting. Namely, for every fixed element 
in the appropriate symmetric space, the Eisenstein series is a finite sum. Their argument is geo- 
metric in nature and relies on estimating the number of points in certain moduli spaces which arise 
in a geometric construction of Eisenstein series. 

Alternatively, one can also easily adapt the arguments in this paper to the function field setting 
to reprove the result of Braverman and Kazhdan. We briefly indicate the argument here. As in the 
proof of Theorem 14.51 we first break up the Eisenstein series into a sum over Bruhat cells indexed 
by w G W^ . On each such cell, it is easy to see using the arguments in [[TTl Lemma 2.5] that there 
can be at most finitely many elements whose classical Iwasawa component lies in the support of any 
compactly supported function on (Z(A/e ^^ )^e,F) We.Af /(^A^ HA/q a,- )• It is a result of Harder 
(see {TV, Lemma 1.2.7]) that cusp forms do indeed have compact support on their fundamental 
domain. Hence, only finitely many terms contribute to the cuspidal loop Eisenstein series on each 
cell. Moreover, one can use an analogue of our main Iwasawa inequalities Theorem 13. 3 1 to show 
that cells corresponding to w with i{w) sufficiently large cannot contribute any non-zero elements 
to the Eisenstein series. Indeed, as in the proof of Theorem 14.51 one may again show that as 
i{w) — )■ o° the central term of the Iwasawa component is bounded above by e^(^('^)) where p{-) is 
a quadratic polynomial with strictly negative quadratic term. On the other hand, the analogue of 
(14.351) dictates that as i{w) — )► oo the central piece grows smaller and the classical piece must grow 
large and therefore eventually lie outside the support of the cusp form. 
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A ^-finite cusp forms decay exponentially 
A.l Introduction and statement of main result 

In this appendix we give a proof of Theorem 14. 61 This rapid decay estimate with uniform constants 
will be deduced from an exponential-type decay statement. Historically rapid decay estimates 
(without uniformity) were established in order to circumvent the apparent difficulty of proving the 
exponential decay estimates familiar in the classical theory of automorphic forms for 5L(2, M) . As 
our argument here indicates, one gets qualitatively similar estimates for ^-finite cusp forms on 
general groups by injecting a small amount of one-variable hard analysis. Stronger exponential 
decay results were proven by Bernstein using the more sophisticated technique of holomorphic 
continuation of representations (for which we refer to Krotz-Opdam [23J for ^-fixed cusp forms, 
and unpublished notes of theirs for ^-finite forms). Although we state and prove the results here 
in the setting of Chevalley groups used in the body of the paper, the results and the methods are 
applicable to general groups. 

The application to Eisenstein series in the body of this paper uses only ^-fixed forms, since 
(as noted in the introduction) at present it is difficult to formulate a definition of Eisenstein series 
induced from general ^-finite forms without further developments in the representation theory of 
affine loop groups. However, this issue seems independent of the analysis we used to demonstrate 
convergence, and so the bounds we prove here should ultimately play the same role in showing the 
everywhere absolute convergence (and hence entirety) of those series as well. Since this estimate 
does not appear in the literature we have chosen to include this appendix. 

Let G be a Chevalley group over M and F an arithmetic subgroup with respect to the Chevalley 
structure. Other notations used here will have the same meaning as in the main body of this paper 
(see |2K, in particular (IX8T )). 

Theorem. Let ^ be a K -finite cusp form on T\G. For any fixed t > Q there exist constants c,d > 
such that ^ satisfies the estimate 

^{ak) < exp ( — c| max a"M for all a E At . (A.l) 

The constant c > is certainly necessary, as can already been seen in the context of classical 
modular forms on the complex upper half plane. Indeed, a cusp form invariant under parabolic 
transformations z*-^ z + w is bounded by a multiple of e^2;rw im(z) Bernstein's holomorphic 
continuation method mentioned above shows that d > 1, in consonance with classical modular 
forms. Up to logarithmic factors, we are not aware of any examples where d is not 1, though we 
make some comments in ^ A. 6 1 about where they might occur. Even with d ^ I the estimate (lA.ll) 
could be regarded as exponential decay from the vantage point of the Lie algebra t) of A, where 
dilation by a constant multiple has the effect of scaling d (hence the title of this appendix). 

The rest of the appendix is arranged as follows: in § IA.2l we first study the decay of a certain 
function on G whose properties will be crucial later in the argument. Combining this estimate with 
a slight enhancement of a result of Harish-Chandra (proposition IA.2.41) . we then retrace our way 
in ^.31 through the usual proof of rapid decay to obtain the asserted rapid decay with uniform 
constants. We then deduce exponential decay from this estimate in ^.4[ Finally, in ^A.5HA.6l 
we aim to place this result in a broader context, by giving an example which demonstrates the 
necessity of the ^-finite condition and explaining the importance of estimates of the form (|A.1I ) in 
string theory. 
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(A.2) 



A.2 Derivative estimates on a particular function 

A.2.1. We begin by estimating the norm of a certain function on the real line. Let o E C^(]R) be 
the "bump" function 

oix) := < ^ . 

1^ 0, otherwise, 

which is supported in the interval [—1,1]. 

Lemma. The function o satisfies the L^-norm estimate 

for positive integers N. 

Proof. A standard application of the saddle point methoqj shows that its Fourier transform satisfies 
the bound o{r) <^ ^-3/4g-\/2;rr jj^ particular 

\\a{ry\\l = /a(r)V^Jr « H e-^^'r^^^-^^dr 

^ JR JO 

and so by Cauchy-Schwartz, the compact support of o, and Parseval's Theorem we have 



(A.3) 



(A.4) 





< 

1 


d^a 

dxN 



(2;rf ||a(r)r^||2 « (2A^) 



2N 



For further reference we note that 



jg,a{c-'x) ^ « {INc 



-\\2Nc- 



(A.5) 
D 

(A.6) 



for c < 1 . Incidentally, one might wonder whether replacing o in (IA.2I) with a different choice of 
function might lead to significantly better estimates later on. Other than improving the constant 
"2" in (|A.3I) this is impossible [32], consistent with the fact one cannot improve upon the known 
exponential decay of classical holomorphic cusp forms. 

A.2.2. We next use o construct a family of bump functions on our group G with Lie algebra 

g = n_ © f) © n+. Let {Yi,Y2, . . . ,y^}, {Hi,. . .,H,}, and {Xi,X2, . . . ,Xfc} denote bases of these 
three summands, respectively. Combined they give a basis 



^ = {Yi,...,Yk,Hi 
of the d = 2k + r dimensional Lie algebra g. Let 

n^{ti,...,tk) 

n+{tk+r+\-:---Jd) 



,Hr,Xi,...,Xk} 



(A.7) 



(,iiyi(,i2y2...(,tkYk 



etk+i"\ . . . e'k+rHr ^ and 



(A.8) 



gh+r+X^l . . .gtd^k 



^See, for example, the note 'http : //math.mit . edu / ~ st even j /bump- saddle .pd f (which uses a dif- 
ferent normaUzation of Fourier transform). 
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Then for c > sufficiently small the image of the set { |f,| < c| 1 < / < J} under the map 

diffeomorphically sweeps out a compact neighborhood of the identity in G. Define a smooth 
function i// = i//^- supported in this neighborhood by the formula 



i=l 



(A.IO) 



where n^an^ represents the righthand side of (IA.91 ). 

Let 8 denote the right translation operator on functions on G. This action extends to q as the 
left-invariant differential operators 



and then to the universal enveloping algebra il of g by composition. 
Proposition. For any degree N element X G il 

||5(X)v/.||i « {c'nY'', 
where c' > Q is a constant that depends on c and G. 



(A.ll) 



(A. 12) 



Proof. Let us first consider the case where X E Q and the righthand side of (lA.lOl ) has the more 
general form Hk^ ^i (^ ^^i)^ where CTi , . . . , a^ G C^ (M) . Commuting the derivative in X across the 
n^ factor 

5{X)\\fc{n-an+) = fX=o^c{n-an+e'^) 



= il^o¥c{n-ae'^'^"^^''n^ 



(A.13) 



Since V^c(^) is supported on elements g which factorize as ^ = n^an^, in which the support of each 
of the three factors n_, a, and n+ is constrained to a fixed compact set, we observe that Ad(n-|-)X 
can be written as a linear combination of elements of ^ with bounded coefficients. Furthermore, 
since a G A normalizes ri- the same compactness argument allows us to write 

5(X)v/,(n_an+) = ||^^q v/,(n_e^^'ae'^'e^^'n+) , (A.14) 

where Y' En , H' E a, and X' G n^ depend on X, and range over bounded subsets as X varies 
over the basis SS. In particular, the coefficients of Y' , H' , or X' when expanded in the basis ^ are 
bounded by a constant M (depending only on c and G) as X ranges among the vectors 3S. Thus for 

Xg^ 

\5{X)\lfc{n^an+)\ < 

d 

Mc-^ L Wdc'^h) ■ ■ ■ (yi-i{c-hi^i)ol{c-hi)Oi+i{c-hi+i) ■ ■ ■ Od{c-ha)\ . (A.15) 



Similarly, when X is the tensor product of A^ basis vectors we have the estimate 



5{X)Yc{n- 


^an+)\ 


< 


M'^c 


-N 


Uu- 
71 + 


I 

■Jrf)e 
■■+jd 


=N 



M 



<^(C-I^l)<\c-1^2)---<\C-If, 



Ud) 



(A.16) 
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as can be seen by iteration. 

In the (compact) range of support of \]/, the Haar measure dg in the coordinates (|A.9I ) is 
bounded by a multiple of Jf i ■ • • dt^ and so by the lemma 



\5{X)Vc\i 


Jl+-+Jd=N 








h+-+Jd=N 




N times 



(A. 17) 



The sum above is equal to the multinomial expansion of (4A^ H h 4A^ )^ = (4A^^)^, and hence 

the lemma follows. D 

A.2.3. Next, we generalize the above estimate to the ^-twists of the function xjr defined by 

fc{g) ■= f Wc{k-'gk)dk. (A.18) 

Jk 

For any fixed X G g the elements Ad(^^^)X are bounded as k ranges over the maximal compact 
subgroup K. In particular if X G =^ then 

{8{X)Q{g) = §l^J xir,{k-'ge'''k)dk « £ f \{8{X')yif,){k-'gk)\dk, (A.19) 

with an implied constant that depends only on ^ C G. 

Proposition. There exists a constant c' > which depends only on c and G such that 

l|5(X)/,||i « £ ||5(X0v/c-||i « {c'NY''^ (A.20) 

x'e£)g 

for all Xe^. 

Proof. The first inequality follows from (|A.201 ) using the bi-invariance of the Haar measure, and 
the second from proposition lA. 2.21 D 

A.2.4. A result of Harish-Chandra [T8] (see also (T. p. 22]) asserts that for any ^-finite automorphic 
form ^, there exists a function / G C'^{G) such that ^ is in fact equal to the convolution 

(<^*/)U) := U{gh-')f{h)dh. (A.21) 

Jg 

The proof furthermore shows that / satisfies the condition f{k^^gk) = f{g) for all k E K, and can 
be taken to be a linear combination of functions in an approximate identity sequence. For 1//^ of 
the form (lA.lOl ). the ^-twists defined in (|A.18I) are approximate identity sequences. This allows us 
to conclude the following 
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Proposition. For any K -finite automorphic form ^ there exists a finite number of positive real 
numbers c, > and complex numbers ai such that 

^ = £a,(0*/c,)- (A.22) 

i 

For completeness we give the proof, which is completely based on ideas of Borel and Harish- 
Chandra as in op. cit. 

Proof. As c — 7- the functions fc in (IA.18I) are smooth, nonnegative, and have support shrinking 
to zero. Thus for any 0i G C^{G) the convolutions m^^(^i •/c) converge to 0i uniformly on 
compacta, where mc = \\fc\\i- At the same time, changing variables in (|A.18I ) demonstrates that 
fcik Isk) = fc{g), and so -k fc lies in V := the span of all ^-translates of ^, a finite dimensional 
spaceO The linear span W of the convolution operators {*/c|c > 0} is a subspace of Aut(V) that is 
closed under any of its equivalent topologies, being that both are finite dimensional. The particular 
sequence of operators {-^^im^^ fc)} converges to the identity operator on V under the topology of 
uniform convergence on compacta, and hence the identity operator is in V7; that is, the identity 
operator on W has the form ^Y.t'^ifci, which implies (IA.22I) . D 

A.2.5. We shall now combine the results of the previous paragraphs. According to (IA.21I) . 

5iX){^^f) = ^*d{X)f (A.23) 

for any X G il, as can be seen by changing variables. Thus the boundedness of cusp forms combined 
with estimate (IA.20I) shows that 

||5(X)((^*/,)l|oo < 11(^11.. ||5(X)/,||i < ic'NY''', (A.24) 

where A^ is the degree of X and c' > is a constant depending on c and G. Proposition lA.2.4l shows 
that ^ is a finite linear combination of convolutions ^ ^fa, and so we conclude 

Proposition. Let ^ be a K finite cusp form on G. There exists a positive constant C > depending 
only on ^ such that for every X G it of degree N 

\\d{X)^^ < {CNf^. (A.25) 

A.3 Rapid decay with uniform constants 

In this section we use proposition I A. 2. 5 1 to give a rapid decay estimate with uniform constants. 
The methods here are fairly standard (see (TT. §2.10], for example), though it is unfortunately 
necessary to reproduce them in order to demonstrate how the constant factors in (IA.25I) propagate. 

A.3.1. Recall the conventions of ^2.21 and ^2.31 where we fixed an Iwasawa decomposition G = 
UAK and a projection Iw^ : G — t- A. Furthermore, in (12.71 ) we defined a character A — )► C* which 
sends a\-^ a^ for each linear functional ji : ^ = Lie(A) — )■ C 



^This is the only point in this appendix where the /T-finiteness property is used. 
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Theorem. Let ^ be a K -finite cusp form on T\G. Fix a Siegel set &t for G. Then there exists a 
constant C > which depends only on ^ and the parameter t of the Siegel set &t such that 

(^ [g) < {CNf^ IwA (g) '^P for all geGt andN>\. (A.26) 

The remainder of this section will be devoted to the proof of this theorem. 

A.3.2. Let a G n be a simple root and P the corresponding standard maximal parabolic subgroup, 
with unipotent radical Up and corresponding Lie algebra up. Let A_|_ « denote the set of positive 
roots 

{7G A+ I 7= £ m(/3)i8 withm(a)^0}, (A.27) 

/3en 

which are precisely the roots 7 whose Chevalley basis root vector Xy lies in n/> := Lie(f/p) . Order 
the roots of A+ « according to their heights^l: 

/3i >/32>--->/3p. 

For / = 1 , . . . , p let X,- = X^. be the Chevalley basis root vector corresponding to the root /3,. Corre- 
sponding to the set {/3i, . . . , /3,;} for < / < p, we let n, C xvp and Ui C Up denote the corresponding 
nilpotent subalgebra and normal unipotent subgroups of up and Up, respectively; that is, n, is the 
real span of {Xi, . . . ,X/} and t/, is its exponential. We then have the following ascending chains of 
Lie algebras and unipotent groups: 

(A.28) 
(A.29) 

For \ <i<p the one parameter subgroups x^. {s) = e^^' induce isomorphisms Ui^\\Ui = M; letting 
Too = r n t/, r, = r n Ui, and rescallng the Xi if necessary, they furthermore induce isomorphisms 

;t/3, : Z\M ^ {U,^iTi)\Ui (A.30) 

that will be used to parametrize Fourier series below. Since replacing Xi by a positive multiple will 
make no difference in the rest of this appendix, we shall assume this rescaling has been performed. 

A.3.3. For any function ^ G L^ (r\G) we can define projections 

^,(^) := / 'i'{u,g)du,, 0<i<p, (A.31) 

Jri\Ui 

where dui is the Haar measure on t/, normalized to give the quotient r,\[/,- measure one. These 
Haar measures can be written as products of Haar measures along the one-parameter subgroups 
given by the characters Xb- for j < i. Using (IA.30|) we can write 

'i'iig) = I 'V,^,{ug)du = [ ^',^i{Xp,{s)g)ds 



{0} 


= no C ui C • ' 


■■ c Up = Up 


[0}^ 


= f/oCt/iC ■ 


■■ CUp = Up 



One can choose any ordering > on A with the property that /3 , 7, j3 + 7 G A =^ j3 + 7 > j3 and j3 + 7 > 7. 

34 



and hence 



^,-(^)-^.-i(^) = J^\'i'.-i{Xp,{s)g)-^i-i{Xp,{0)g)]ds 



JO 



(A.32) 



{i^,-i{Xp,{r)g))drds. 



Thus 



|^,(^)-^,_i(^)| < ^maxJAvp^-^iUftW^)! (A.33) 

is bounded in terms of derivatives of ^, i under left translation by the one-parameter subgroup 
generated by Xj. 

We next describe these left derivatives in terms of the right action (lA.llI) : 

i'i',-iiXp:ir)g) = (5((Ad^-i)X,0^,-_i)(Zft.(r)g), (A.34) 

which can be seen by passing the Lie algebra derivative across the argument Xpi{^)g of ^i \- 
Suppose now that g has a factorization g = uak, in which u and k range over fixed compact 
sets; this description in particular applies to elements of Siegel sets. Because of our assump- 
tion on the ordering >, Ad{u^^)Xp. can be written as a linear combination of the root vectors 
{X|3j , . . -^Xp.} with bounded coefficients; the precise bound depends on the size of the compact 
set u ranges over, and in particular depends only on F in the circumstance that g E &t. For each 
aeA, Ad(a^^)Xj3. = a^l^JXp.; because of (IA.27I) and the definition of &t, the factor a^l^J <^ a^" 
with an implied constant depending only on t and G. Finally, Ad{k^^) maps any fixed element 
of g to a bounded set. Putting together these statements about Ad(M^'), Ad(a^^), and Ad{k^^), 
we see that Ad(^^^)X/ = Ad(^^^) Ad(a^^) Ad(M^^)X/ is a linear combination of elements of (|A.7I ) 
with coefficients bounded by a^" times a constant that depends only on the Siegel set &t. Com- 
bining (IA.33I) . (IA.34I) . the sup-norm inequality ||5(X)^,||oo < ||5(X)^||c„, and this expansion of 
Ad(^"^)X/, we see that 

|^,'_i(^)-^,(^)| < a-«max||5(X)^,||oo < a^" max ||5(X)^||.,, (A.35) 

with an implied constant that depends only on &f 

Specialize ^ to be the cusp form 0, so that ^p = ^p = 0. By applying the estimate (IA.35I) to 
the telescoping sum 

He) = E(<^.-i(g)-<^K^)), (A.36) 

z=l 

we conclude that ^{g) is bounded by the product of a^", the sup norms ||5(X)^ ||c« for any X in 
(IA.7I) . and a constant that depends only on &t. Theorem IA.3 . 1 1 then follows from iterating this 
procedure for various simple roots a and applying the estimate in proposition I A. 2. 5 1 

Recall that Theorem 14.61 is deduced from Theorem IA.3. II immediately after its statement on 
page[26l 

A.4 Exponential decay 

Lemma. Let F : R>o -^ C be a bounded function for which there exists constants c > and C > 
such that 

F{y) < cy-^ {CNf^ for all N > I . (A.37) 
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Then there exists constants d > and D > such that 

F{y) < Dexp(-/). (A.38) 

The converse is of course elementary. Theorem IA.3.1 l implies Theorem lA.il as a consequence 
of this lemma, and also vice-versa (though with different constants). 

Proof. By adjusting the constants d and D it suffices to shower the weaker bound F{y) < Dye^- 
foxy > 1. If y > 1 the assumption (IA.37I) implies 

ydn-ip^y-^ < y^'^''^F{y) < c(C[JnJ)^L^"J < c(CJn)^^" (A.39) 

for any d> and n E Z>o. For d sufficiently small the righthand side is less than a constant times 
{nl)/n'^, so summing over n gives the boundedness of 

oo 

y-'oxp{y^)F{y) = £ ^r/^^'i^M (A.40) 

n = 

in the range y > 1, as was to be shown. D 

A.5 Some rapidly, but not exponentially, decaying smooth cusp forms 

In this section we give an example of a non-^-finite yet smooth cusp form which does not satisfy 
the exponential-type decay statement present in Theorem |A.1[ It is a theorem of [26] that all 
smooth cusp forms have rapid decay, but the proof does not give the uniformity of constants present 
in the stronger statement (IA.261 ) from Theorem IA.3.1 1 The example here shows that not only is this 
uniformity impossible, but furthermore that its failure is very common: this is because we show 
that the decay is governed by an arbitrarily chosen Schwartz function (relatively few of which 
decay faster than an exponential). 

We give an example for the group 5L(2,]R), though the phenomenon is certainly much more 
general. Let n be any cuspidal automorphic representation for SL{2, Z)\SL{2, R) . We will demon- 
strate it has non-^-finite smooth vectors which violate (|A.1I) . To do this it is convenient to use the 
notion of automorphic distribution as in [|25l . The representation n has an automorphic distribu- 
tion T which embeds smooth vectors v for some principal series representatiorQ to automorphic 
forms ^: 

^{n^ay) = {x,K{n^ay)v), where n^ = (o f) and a^ = (^-^^ _*J/2 j . (A.41) 

In the line model, the Schwartz space is an embedded subspace of smooth vectors. If v corre- 
sponds to a Schwartz function f{u), then Tz{nx)v corresponds to f{u —x) and K{ay)v corresponds 
/(f) \y\^ sgn(a) , where ji E C and 5 G Z/2Z depend on the archimedean type of the representa- 
tion n. The distribution T is periodic, hence tempered (meaning that it can be integrated against 
arbitrary Schwartz functions). Its restriction to the real line has a Fourier series, 

x{u) = £c„e2^™", (A.42) 



This is the case even if the representation is not itself principal series, e.g., discrete series. 
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with coefficients that grow at most polynomially in n (see [|25l ). Thus 

= \yr'sgn{yf'£cy^^"'' f e^'""y"f{u)du (A.43) 

= \yr^'sgn{y)' l^c„e^^^"-^fi-ny). 

The estimate (lA.ll ) implies exponential decay (of the same caliber) for each Fourier coefficient of , 
in particular the first coefficient. In particular, it implies f{—y) decays faster than the exponential 
of some fractional power ofy. However, it is an arbitrary Schwartz function, and not all Schwartz 
functions have that decay property, e.g. y i— )■ e^(^"(>' +i)) . We conclude that the exponential decay 
estimate (|A.1I) does not hold for all smooth cusp forms. 

A.6 Exponential decay estimates in string theory 

A number of interesting quantities in string theory are, by their very definition, automorphic func- 
tions. This is because split exceptional real groups in the En series arise as duality groups in 
toroidal compactifications in Cremmer- Julia supergravity, and as a consequence the coupling con- 
stants of the theory lie in a symmetric space G/K. In type IIB string theory, S-, T-, and t/-dualities 
force invariance under a large discrete subgroup F C G [|20ll . The purpose of this section is to 
discuss the exact exponent d in the estimate (lA.ll) . and its string theory interpretation in various 
situations. Much of the discussion here is an outgrowth of the second-named author's joint work 
with Michael Green and Pierre Vanhove [16], who we thank for their insightful comments on the 
questions posed here. More information about these questions can be found in [[Tl [T6l[T7ll28ll29l 
and in related references therein. 

A.6.1. Decay estimates for Fourier coefficients 

In various particular problems supersymmetry provides extra information such as differential 
equations (e.g., for the Laplace-Beltrami operator), suggesting that the automorphic functions are 
automorphic forms in these situations. In addition, at times supersymmetry predicts the asymptotic 
behaviour of various Fourier coefficients of these automorphic forms. 

Although the exponential decay estimate (lA.ll) is stated for cuspidal automorphic forms 0, it 
of course applies to any Fourier coefficient defined by integration of a character over a unipotent 
subgroup U' CU: 

Ms) ■= I <^{ug)x{u)-Uu, (A.44) 

J{Tr\U')\u' 

where du is the Haar measure normalized to give the quotient {Y nU')\U' volume 1 and % h di 
character of U which is trivial on F fl L'^'. Indeed, since the integration is over a compact quotient 
(^^ also obeys the estimate (lA.ll) . Thus Theorem lA. 1 1 gives the exponential decay of these Fourier 
coefficients. When ^ is not cuspidal similar decay is expected for nontrivial characters x^ since an 
automorphic form minus its constant terms has rapid decay (this was essentially rederived in the 
analysis of (IA.36I) above). 

A.6.2. Some precise questions on the exponential decay for maximal parabolics 
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Let a denote a positive simple root and P = Pa ^ B denote its associated standard maximal 
parabolic subgroup of G, which has the factorization Pa = AaMaUa in terms of its unipotent 
radical Ua and the center A^ of its reductive part AaMa- For a E Aa recall that a" G M is defined 
by the formula kA{a)Xa = a^^a-, where Xa is a root vector for the simple root a. We shall use 
this coordinate to describe limits along the group Aa, which often has an interpretation in string 
theory, e.g., of a compactifying radius or string coupling constant. We do not assume that is a 
cusp form but we do assume that x is nontrivial in order to exclude constant terms. 

Question A: Is it always that case that there exists constants c\ = c\ {g, ^,x)^ <^2 = ciigi ^7 Z)» 
and d = d{^,x) such that 

<^^{ag) ^ cife(^a)exp(-C2fe(^,Z)K)''^^'^^) (A.45) 

for g fixed, as a" —t- 00? Here the symbol ^ is used to indicate asymptotic equality up to polyno- 
mials in the a". (Such factors do arise, e.g., in [|T6l (H.31)]). 

Question B: Assuming an affirmative answer to Question A, does d{^,x) depend nontrivially 
on X, or is instead always 1 (as it is in all currently known cases)? 

Let us now consider the lower central series 

Ua = U^^^ D C/(2) D C/(3) D ... 3 [/W = {e}, (A.46) 

where t/(^+i) = [f/W,t/a]. 

Question C: Fix 1 < k < £ and a nontrivial character x of U^ which is trivial on TCiU^'^'. 
Assuming an affirmative answer to Question A,is d{^,x) = ^^ 

For example, when Ua is a Heisenberg group Question C asks whether or not nontrivial 
Fourier coefficients along the one-dimensional center of Ua decay significantly faster than non- 
trivial Fourier coefficients on the full group Ua do. We present some motivation for this question 
below. 

A.6.3. Examples from string theory 

We shall now describe the origin of question C in string theory. Let G denote the split real 
form of the simply connected Chevalley group of type En, where n = 6, 7, or 8. Let a denote the 
last positive simple root of G in the usual Bourbaki numbering. Thus Ma is a simply connected 
Chevalley group of type Spin{5,5), E(„ or Ej in these three cases. 

For particular Eisenstein series (which are not cuspidal, but for which our arguments never- 
theless give the same bounds on Fourier coefficients) the nonvanishing Fourier coefficients are 
expected to obey precise asymptotics as a" goes to infinity. This is because a" corresponds to 
the decompactifying radius in the toroidal compactifaction. When such a radius tends to infinity, 
the compactified theory resembles that of a higher dimensional theory compactified on a lower- 
dimensional torus, and has duality group Ma- Precise statements often give exponential decay in 
terms of an effective action, which in our context implies that d{(j),x) = 1 when t/« is abelian and 
a comes from one the three terminal nodes of G's Dynkin diagram. This motivates Question B 
and the k= I case of Question C. 

The string theory interpretation is apparently different if Ua is nonabelian, for example a 
Heisenberg group. In this case there is an additional charge to consider, which is instead consistent 
with d{^,x) = 2 for the A; = 2 case of Question C. Evidence for this is presented in [[11 12811291 . 
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It should be stressed that string theory does not provide any additional insight into the decay 
rate of general automorphic forms, other than pointing to subtleties previously unrecognized in 
particular examples. 
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